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Matrizenalgebra 

 

Matrix 𝑨 ∈ ℝ𝑚×𝑛: 𝑨 = [

𝑎11 … 𝑎1𝑛

⋮ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑛

] , 𝑎𝑖𝑗 ∈ ℝ, 

Vektor 𝒙 ∈ ℝ𝑛: 𝒙 = [

𝑥1

⋮
𝑥𝑛

] , 𝑥𝑖 ∈ ℝ. 

 

Elementare Operationen 

 

Operation Schreibweise Koordinaten Abbildung 

Addition 𝑪 = 𝑨 + 𝑩 𝑐𝑖𝑗 = 𝑎𝑖𝑗 + 𝑏𝑖𝑗 ℝ𝑚×𝑛 × ℝ𝑚×𝑛 → ℝ𝑚×𝑛 

Multiplikation 

mit Skalar 
𝑪 = 𝛼𝑨 𝑐𝑖𝑗 = 𝛼𝑎𝑖𝑗 ℝ × ℝ𝑚×𝑛 → ℝ𝑚×𝑛 

Transponieren 𝑪 = 𝑨T 𝑐𝑖𝑗 = 𝑎𝑗𝑖 ℝ𝑚×𝑛 → ℝ𝑛×𝑚 

Differentiation 𝑪 =
d

d𝑡
𝑨 𝑐 =

d

d𝑡
𝑎𝑖𝑗 ℝ𝑚×𝑛 → ℝ𝑚×𝑛 

Matrizenmultiplikation 
𝒚 = 𝑨 ∙ 𝒙 

𝑪 = 𝑨 ∙ 𝑩 

𝑦𝑖 = ∑𝑎𝑖𝑘𝑥𝑘

𝑘

 

𝐶𝑖𝑗 = ∑𝑎𝑖𝑘𝑏𝑘𝑗

𝑘

 

ℝ𝑚×𝑛 × ℝ𝑛 → ℝ𝑚 

ℝ𝑚×𝑛 × ℝ𝑛×𝑝 → ℝ𝑚×𝑝 

Inneres Produkt 

(Skalarprodukt) 
𝛼 = 𝒙 ∙ 𝒚 𝛼 = ∑𝑥𝑘𝑦𝑘

𝑘

 ℝ𝑛 × ℝ𝑛 → ℝ 

Äußeres Produkt 

(Dyadisches Produkt) 
𝑨 = 𝒙𝒚 𝑎𝑖𝑗 = 𝑥𝑖𝑦𝑗 ℝ𝑚 × ℝ𝑛 → ℝ𝑚×𝑛 
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Rechenregeln 

 

Addition:     𝑨 + (𝑩 + 𝑪) = (𝑨 + 𝑩) + 𝑪 

      𝑨 + 𝑩 = 𝑩 + 𝑨 

Multiplikation mit Skalar:  𝛼(𝑨 ∙ 𝑩) = (𝛼𝑨) ∙ 𝑩 = 𝑨 ∙ (𝛼𝑩) 

      𝛼(𝑨 + 𝑩) = 𝛼𝑨 + 𝛼𝑩 

      (𝛼 + 𝛽)𝑨 = 𝛼𝑨 + 𝛽𝑨 

Transposition:    (𝑨𝑇)𝑇 = 𝑨 

      (𝑨 + 𝑩)𝑇 = 𝑨𝑇 + 𝑩𝑇 

      (𝛼𝑨)𝑇 = 𝛼𝑨𝑇 

      (𝑨 ∙ 𝑩)𝑇 = 𝑩𝑇 ∙ 𝑨𝑇 

Differentiation:    
d

d𝑡
(𝑨 + 𝑩) =

d

d𝑡
𝑨 +

d

d𝑡
𝑩 

      
d

d𝑡
(𝑨 ∙ 𝑩) = (

d

d𝑡
𝑨) ∙ 𝑩 + 𝑨 ∙ (

d

d𝑡
𝑩) 

Matrizenmultiplikation:  𝑨 ∙ (𝑩 + 𝑪) = 𝑨 ∙ 𝑩 + 𝑨 ∙ 𝑪 

      𝑨 ∙ (𝑩 ∙ 𝑪) = (𝑨 ∙ 𝑩) ∙ 𝑪 

      𝑨 ∙ 𝑩 ≠ 𝑩 ∙ 𝑨 im Allgemeinen 

Skalarprodukt:    𝒙 ∙ 𝒚 = 𝒚 ∙ 𝒙 

      𝒙 ∙ 𝒙 ≥ 0 ∀𝒙, 𝒙 ∙ 𝒙 = 0 ⇔ 𝒙 = 𝟎 

      𝒙 ∙ 𝒚 = 0 ⇔ 𝒙, 𝒚 orthogonal 

 

Spezielle quadratische Matrizen 

 

 
Linksdreiecksmatrix, untere Dreiecksmatrix 𝑳 = 
 (lower triangular 𝑳) 

 

 

 

 

Rechtsdreiecksmatrix, obere Dreiecksmatrix 𝑹 = 

 (upper triangular 𝑹) 

 

 

 

 

(obere) Hessenberg–Matrix    𝑯 = 

 

 

 

Einheitsmatrix       𝑬 = [
1 0

⋱
0 1

] 

  

0 

0 

0 
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Diagonalmatrix 

 

𝑫 ∙ 𝑨 = 𝑫 ∙ [
�̅�1

⋮
�̅�𝑛

] = [
𝑑1�̅�1

⋮
𝑑𝑛�̅�𝑛

] , 𝑫−1 = diag {
1

𝑑𝑖
} für 𝑑𝑖 ≠ 0 

𝑨 ∙ 𝑫 = [𝒂1 …𝒂𝑛] ∙ 𝑫 = [𝑑1𝒂1 …𝑑𝑛𝒂𝑛] 

 

Permutationsmatrix 

𝑷𝑟𝑠 ∙ 𝑨 = 𝑷𝑟𝑠 ∙

[
 
 
 
 

⋮
�̅�𝑟

⋮
�̅�𝑠

⋮ ]
 
 
 
 

=

[
 
 
 
 

⋮
�̅�𝑠

⋮
�̅�𝑟

⋮ ]
 
 
 
 

, 𝑷𝑟𝑠 =

[
 
 
 
 
 
 
 
 
 
 
1

⋱
1

0 1
1

⋱
1

1 0
1

⋱
1 ]

 
 
 
 
 
 
 
 
 
 

𝑟

𝑠

𝑟 𝑠

 

 

𝑨 ∙ 𝑷𝑟𝑠 = […𝒂𝑟 …𝒂𝑠 … ] ∙ 𝑷𝑟𝑠 = […𝒂𝑠 …𝒂𝑟 …] 

 

𝑷𝑟𝑠
𝑇 = 𝑷𝑟𝑠  symmetrisch 

𝑷𝑟𝑠
−1 = 𝑷𝑟𝑠

𝑇   orthogonal 

⇒ 𝑷𝑟𝑠
2 = 𝑬  involutorisch 

Allgemein:  𝑷 = [𝒆𝑠1
…𝒆𝑠𝑛

] mit 

𝒆𝑖 Einsvektoren 

(𝑠1, … , 𝑠𝑛): Permutation von (1, … , 𝑛) 

 

Inverse Matrix 𝑨−1     𝑨−1 ∙ 𝑨 = 𝑨 ∙ 𝑨−1 = 𝑬 

        (𝑨 ∙ 𝑩)−1 = 𝑩−1 ∙ 𝑨−1 

Symmetrische Matrix     𝑨 = 𝑨𝑇 

Schiefsymmetrische Matrix   𝑨 = −𝑨𝑇 

Positiv definite Matrix    𝒙 ∙ 𝑨 ∙ 𝒙 > 0 ∀𝒙 ≠ 𝟎 

Orthogonale Matrix (𝑨 ∙ 𝑨𝑇 = 𝑬)  𝑨−1 = 𝑨𝑇 

Involutorische Matrix     𝑨2 = 𝑬 

Diagonaldominante Matrix    |𝑎𝑖𝑖| > ∑ |𝑎𝑖𝑗|𝑗≠𝑖 ∀𝑖 


