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vided on the web page (admission to the ILIAS course happens automatically when registering
for the course in the C@mpus system).

B Office hours: We offer consultations to answer questions also outside the lecture room. These
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1.1 Motivation

design optimization of mechanical systems

/\

classical/engineering approach

intuition, experience of the design engi-
neer, experiments, and fiddling with hard-
ware prototypes at the end of the design
process

sequential process

idea > concept
A 4
design

A 4

calculation
A 4

prototype
A 4

product |e experiments

¢ only small changes of the design possi-
ble to influence the system behavior

e more fundamental changes might re-
guire the reconsideration of all previous
design steps

e “optimal” solution without quantitative
objectives

e hardware experiments are costly and
time intensive (only few are possible)

mathematical/numerical approach

intuition, experience of the design engi-
neer, and virtual prototypes based on com-
puter simulations throughout the whole de-
sign process

concurrent engineering

idea

X
concept

CAD design

simulation

optimization

production preparation

A 4

prototype

A 4
experiments

product

e provides many design degrees of free-
dom at beginning of the design process

e parameter studies can be executed
swiftly and easily

e systematic way to find optimal solution
with respect to defined criteria

e cost efficient

¢ shortening of the development time

¢ initial design for hardware experiments
is already close to optimum
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Optimization beyond mechanical design

The focus of this lecture is on optimization of mechanical systems using the mathemati-
cal/numerical approach, for which the formulation and the solution of mathematical opti-
mization problems are key issues. The concepts and methods are presented in a general
manner so that they can be applied in any application domain. Apart from design, applica-
tions connected to mechanics include the control of actuated mechanical systems such as
robots, and the inference of unknown parameters, e.g., in mechanical models. Popular ma-
chine learning methods also build upon optimization. Throughout all these applications,
optimization can be seen as a formal, mathematical framework for informed decision mak-
ing. As such, optimization is also extensively used in many other disciplines, such as, e.g.,
process engineering, logistics, asset management, and economics.

There are different ways to express the same design or decision-making problem as a math-
ematical optimization problem. However, the concrete formulation of the problem and its
mathematical properties can have a decisive impact on the expected solution effort and
the choice of appropriate optimization algorithms.

The systematic formulation of an optimization problem requires answers to three
basic questions:

1. What should be achieved by the optimization?

2. Which changeable variables can influence the optimization goals?

3. Which restrictions apply?
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1.3 Classification of Optimization Problems

Optimization problems can be distinguished and classified in various ways, where the following clas-
sification makes sense from an application-oriented perspective, e.g., thinking of mechanical design

optimization.
optimization
/ [ \
topology function parameters

multi-criteria
optimization

- —
\ scalarization

constrained

min f(p)

pEP

scalar
optimization

min f(p)

/

unconstrained

min f(p)

pERM

P={peR"|g(p) = 0,h(p) < 0}

Hence, optimization tasks in applications usually rely on the solution of (a series of) scalar optimiza-
tion problems. Perceiving unconstrained optimization as a special case of constrained optimization
with P = R", this highlights the importance of constrained scalar optimization. However, the class of
constrained scalar optimization problems contains problems of very different properties, heavily in-
fluencing which solution strategies are prudent and whether one can even expect to reliably obtain
an optimal parameter vector with given solution time and effort. This motivates the following classi-
fication.

min
min f(p)

convex non-convex
problems problems

.

A4

N

linear
programs

convex quadratic
programs

Naturally, further systematic classifications are possible. For instance, this lecture focuses on con-
tinuous optimization where the feasible set P is a connected subset of R™. In contrast, there are also
discrete optimization problems where the optimization variable can only take integer values, e.g.,
the problem of determining the optimal gear to drive a car under given circumstances with maximum
efficiency. Mixed-integer problems contain continuous as well as discrete optimization variables.
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Optimization in Engineering Applications

Static Analysis — Truss Framework

A simple truss structure, shown to the right, shall be optimized.
The truss consists of two round bars with Young’s modulus E =
2,110 N/m? and density p = 2750 kg/m3. As design variables
the radii of the bars r;, and r, are chosen

T
p= [r;] , whereby 2mm <r; < 5mm, i =1,2.

When applying a force F = 100 N at point B a displacement u is
caused, which can be computed using the finite element method

Ku =gq,

with the stiffness matrix

__E 4 A12\/§+A2]
2242 14, A, '

the vector of nodal coordinates u = [Ux Uy]T and the vector of applied forces g = [0 F]T. In an optimization
the displacement u, shall be minimized. Thus, the scalar objective function reads

V2F¢ (4rf +2r}
Y(p) = Uy = 7E<L>

2..2
LIEWD)

Evaluating ¥ (p) in the feasible design space returns the following results.

Y(p) [mm]

It can be seen that by increasing the radii, the displacement is reduced. Thus, if there are no additional con-
straint equations, such as mass restriction, the solution of the minimization problem is p; = p; = 5 mm and
Y(p*) = 0.07 mm.
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Dynamic Analysis — Slider-Crank Mechanism

Not only static but also dynamic problems are analyzed and optimized in engineering. For instance, using
the method of multibody systems the slider-crank mechanism shown below is modeled. The multibody sys-
tems consists of the crank (m; = 0.24kg, J; = 0.26 kg m?), the piston rod (m, = 0.16kg, J, = 0.0016 kg m?) as
well as the slider block (m; = 0.46kg). The crank angle is assumed to rotate at constant angular velocity ¢ =
8 Hz and, thus, the motion of the mechanism is clearly defined.

Y1

piston rod slider block

my,Jy

Performing a simulation for the time domain t € [0 3] s, the resulting reaction force between the crank and
the inertial frame, which is defined as

Fmo=mew+W@@,

can be computed. For two different values p = —0.02 m and p = —0.03 m the resulting reaction forces F(p, t)
are displayed below.

0,4

0,35

o \
0,25 \
\

——F(-0.02, t)

¥
L]
I

0,2

o N
, W/u
os L[

F(p, t)

timet

Performing an optimization, F(p, t) shall be minimized. However, in contrast to static problems, first the tran-
sient system response has to be converted into a scalar value. Therefore, the time-dependent resulting reac-
tion force F(p, t) is integrated over the simulation time t. Thus, it holds for the objective function

tt 3s

wm=meUM=fJ@mw+mew
0

to
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Then, evaluating the objective function (p) for p € [-0.02 —0.01]T m the local minimum can be deter-
mined as p* = —0.017 and Y (p*) = 0.646.

0,78

0,76

0,74 //
0,72

/
0,66 \ /
\_

-0,0225 -0,0175 -0,0125 -0,0075

U(p)
\

p [m]

Dynamic Analysis — Planar 2-Arm Welding Robot

A further example for the optimization of dynamic systems is the planar 2-arm welding robot shown below.
For the welding process the tool center point (TCP) has to follow a semi-circular trajectory (—) within 3 sec-
ond. The joint angles ¢ and y are modeled as rheonomic constraints, i.e., ¢ = @(t) and ¥ = Y (t). However,
due to joint elasticity, which is modeled by rotational springs with stiffness c, there are additional rotations of
the two arms A@ and Ay. These additional rotations represent the generalized degrees of freedom of the
systemy = [Ap AY]T. As a consequence, the actual trajectory of the TCP (- - -) differs from the desired
trajectory.

— desired trajectory
--- actual trajectory
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By varying the design variables p the center of gravity of the second arm is changed and, thereby, the track-
ing error of the TCP shall be reduced. The tracking error F is determined by the Euclidean distance between
the actual position r, = [Xa Ya]T and the desired position r4 = [¥a Ya]" and is computed as

F@..0 = (5030 - 2®) + 03D - ©)

It can be seen, that not only the tracking error F but also that the generalized degrees of freedom A¢ and Ay
depend on the design variable p.

10 T 0,008 T T
g . ——F(0.4) = = =A0@(04) ——AYP(0.4)
g | —F(0.5) / \ 0,006 -+ Ap(0.5) ——Ay(0.5) |
i , 77\Y oo NI SR
€ 5 / "\ // \ =1 v \\ ,’ )
ES N/ Tom |
3 ‘ / L~ \‘\ |
i J ° N L7
1 / ‘ -0,002 hh \a”
0 v
-1 -0,004
0 1 2 3 0 1 2 3
time t time t

To obtain a scalar objective function, the tracking error F is integrated over the simulation time

tt 3s

vo) = [ For.0a = [ (30 - 20) + 0up.0 v ©)at.
0

t0

Evaluating the objective function for p € [-0.02 —0.01]T, a local minimum can be graphically determined at
p* = —0.04 and Y (p*) = 0.0039.

$(p)

o

3
/
N

0,004 -~
0,003
0,002
-0,2 -0,1 0 0,1 0,2
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Geometric visualization in 2D
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inequality constraints

10
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Matrix Algebra and Matrix Analysis
vector x € R": x=[%1 - xX]7, x; ER,
All nnn Aln
matrix A € R™*": A= : N Ajj ER.
m1l Amn
Basic Operations
operation notation components mapping
addition C=A+B Cij = Aij + Bij R™MX1 x RM™XN — RMX1
multiplication
. p C = ajA CU = aAl] R X Rmxn N Rmxn
with scalar
transpose C=A" Cij = A RMXN 5 QXM
d d
. o C = EA Cij = aAij R™MXN —5 RMXN
differentiation . ox . dx; R™ x R — RMXT
~ dy Yoy,

Vi z Ay Xy,
y = Ax R™M™ x R"™ - R™

. T . k
matrix multiplication C=AB RMXN 5 RAXP _y RMXD
Cij - 2 A Bkj
k

scalgr product a=x-y a = 2 Xk Vi R" x R" -» R
(dot/inner product) X

outer product A=xQy Ajj = x; yj R™ x R"* - R™*"
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Basic Rules
addition: A+ (B+C)=(A+B)+C
A+B=B+A
multiplication with scalar: a(AB)=(aA)B=A(aB)

a(A+B)=aA+aB

transpose: AN =4
(A+B)"=A"+BT
(@A) = aA
(AB)T =BT A"

differentiation: i “(A+B) = iA + iB
—(AB) ( )B+A( B)

matrix multiplication: AB+C)=AB+AC
ABC) =(AB)C
AB + BA (ingeneral)

scalar product: X'y=y'x=x'y=y'x
x'y=0Vx, xx=0x=0
x-y=0 & x, y orthogonal
Quadratic Matrices
1 - 0
identity matrix I=f: -
0 1
D, - 0
diagonal matrix D = diag(Dy, ...D,) = o
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inverse matrix

orthogonal matrix

symmetric matrix

skew symmetric matrix
decomposition
A=-(A+AT) +-(A—A")

B=BT c=-CT

skew symmetric 3 X 3 matrix

ab=axbh

@ab=-ba
@ab=bQ®a—(a-b)l

(@b)=bR@a-a®b

symmetric, positive definite matrix A:

< eigenvalues 1, >0 Vke{],..,

symmetric, positive semidefinite matrix A:

n}

< eigenvalues 4, >0 Vke{l,..,

n}

A TA=AA1=1
(AB)"1=B141

At=AT
A=AT
A=-AT

xTAx>0 Vx#0

xTAx>0 V x
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Notation
a€R, beR™ CeR™n
matrix notation index notation
1) derivative with [0b1]
respect to a da ob | 0x ., da
scalar * ox x| dx
€ R 9bm
* ox , b
[0C11 acln] d0x
| ox ™ ox |
. %X [+ -~ i . 9C
X [acm1 9Cpn ox
ox T ox
2) derivative with aa]
respect to a 9 x4 | . da
vector . 04 o ox;
x €R" 0x | gq |
Xl
ob ob
= " o ob
o % ! nl * ax]
0x |ab,, 6bmJ
dxq 0xy,
3) derivative of a P 9
—(b"x) = —(b:
scalar product * X (b™x)=b . axj( i Xi)
b x 0%
x € R™ =bioy
b; = const = b; 6;j = b;
4) derivative of a P
q:adratic form . a (xTAx) = 2 Ax b a_x] (xm Amn xn)
x'Ax =2 Ajnxn
A= AT € RnXn
Ajj = const.
x €R"
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Deterministic Optimization Strategies

optimization search direction model information
strategy order order

search parallel  s® = e, moan
to the axes

gradient based s = -vf®

method

conjugate © o

gradient sT ==V ,
lvr &+

method s@D = _yfo+) L L1 N o)
IVf @2

Newton s = (V2F®) 7.y

method

Example: quadratic criteria function

pzA

p(O)

vVf©

P1
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Line Search

b2 —> f

Y

P1 a

possible requirements for line search

e exact minimization:
]_c'(a(”)) = s® . yf@+D 2o
many function evaluations - inefficient

e sufficient improvement:
in order to avoid infinitesimally small improvements,
some conditions have been proposed,
e.g., Wolfe-Powell conditions

f(a) é]_C(O) + apfl(O), p €(0,1), e.g., p=0.01
]_C,(a) > U}_C’(O), o€ (p,1),e.g.,0=0.1
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Karush-Kuhn-Tucker Conditions

If p* is a regular point and a local minimizer of the optimization problem
minf(p) with P = {peR| g(p) =0, h(p) <0, g:R" > R, h:R" > R™},
P

then Lagrange multipliers 2* and pu* exist, for which p*, 4*, u* fulfill the conditions

u <o,

uwihi(p) =0, je{l,..,m}.

If we introduce the Lagrangian function

L(p, A, 1) = f(p) — Xiz1 igi () — X7y i (p),

we can write the Karush-Kuhn-Tucker conditions as

T T T
oL oL oL
6_ = 0 y (6_ . ax ) = 0 f 6_ 2 0 y
P p*;l*;ﬂ* A p 'l 'u* u p*:}-*,ﬂ*

p <o, Whi®D =0, je{l,..,m}.
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Lagrange-Newton-Method /
Sequential Quadratic Programming (SQP)

= Recursive Quadratic Programming (RQP)
= Variable Metric Method

Simplifying assumption: Only equality constraints, i.e.,
minf(p) with P={peR"|g(p) =0}
p

with the corresponding Karush-Kuhn-Tucker conditions reading

AL\
(%) |_ [Vf ") - Zivgi(p*)ﬂ?] -[9]
TJ| g 0
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Q)

ag\' W)
V2f — E V2gid; —(—) ag\"
[ f ; gifi ap ] p(v+1) _ p(v) __ Vf i (ag> 2
dg A0+D _ 1) gp

op

-

lwor (29 ]

| ap | Sp(v+1) _ Vf(v)

|lag(v) o J| A0+D g
op
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In the case that the performance function and constraint equations are general nonlinear
functions, the parameter variation §p is not necessarily the best possible parameter variation
for the original optimization problem. In order to achieve a higher flexibility, the method can
be combined with a line search, i.e., 6p = as,

[ (ag™\T]

IW() _< ap > I[S [

lag(v) J Al g(V) ’
op

which corresponds to

1
minstW(V)s + (Vf(”))Ts with  S§= {s € R"

SES
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acceptance probability

Simulated Annealing

basic algorithm

initialization
To,po
pP= popt = Po
fopt = f(po)

—

generate new point
gpT)-p

'

new temperature T

o[>

yes

Popt = P
fopt =f(P)
[

computation of cost

f @)

accepted?

| result
Poptr fe opt

acceptance function cooling velocity

[ 10.0
101 ] 9.0 I i
091 1 [ Cauchy—Annealing |

8.0
0.8 ] ‘ n=9
0.7 1 1 @ 7.0 I
0.6 [ i 4+ 5 6.0
v d(lecreasmg T T=100 ] @, 50 |
04l T=10 1 8 . Boltzmann—Annealing
02! T=3 1 #80]
01 T=oNI"! ] 201
0.0 | 1.0
-20 0.0 2.0 4.0 6.0 8.0 10.0 10 20 30 40 50 60 70 80 90 100

Af iterations
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generation probability

a.) Boltzmann—Annealing

b.) Cauchy—Annealing

c.) Adaptive Simulated Annealing
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Particle Swarm Optimization

simulation of social behavior of bird flock (introduced by Kennedy & Eberhart in 1995)

recursive update equation

pitt =pi + P

k+1 _ k k best,k best,k k
ApF*t = wipl + c1rf(p; - p¥)

- pf) + Czrzlfi (pswarm

algorithm

initialization

tradition/ learning social behavior
inertia

p¥ position of particle i at time k

Ap¥ velocity of particle i at time k

r, 1, € U[0,1]
W, ¢y, Cy

evenly distributed numbers
control parameters

recursive update equation

find best particle and

best solution p2estk.
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Principles of Reduction in Multicriteria Optimization

multicriteria scalar optimization
optimization problem problem

constraint 1
constraint 2

constraint /+m

cost function 1
cost function 2

scalar optimization
algorithm

il
|

cost function n

scalar composition hierarchical combinations
sequence

1. level 1. level

2. level 2. level




